ON THE SUBINVARIANCE OF UNIFORM DOMAINS IN 

BANACH SPACES 

M. HUANG, M. VUORINEN, AND X. WANG * 

Abstract. Suppose that E and E' denote real Banach spaces with dimension 
at least 2, that D C E and D' C E' are domains, and that / : D — > D' is a 
homeomorphism. In this paper, we prove the following subinvariance property for 
the class of uniform domains: Suppose that / is a freely quasiconformal mapping 
and that D' is uniform. Then the image f(D\) of every uniform subdomain D\ 
in D under / is still uniform. This result answers an open problem of Vaisala in 
the affirmative. 



1. Introduction and main results 

The theory of quasiconformal mappings in Banach spaces was developed by Vaisala 
in a series of papers [23] — [27] published in the period 1990—1992. In infinite di- 
mensional cases the classical methods such as the extremal length and conformal 
invariants are no longer available. Vaisala built his theory using notions from the 
theory of metric spaces. The basic notions are curves and their lengths as well 
as special classes of domains such as uniform and John domains. In fact, given a 
domain D in a Banach space E it is essential to consider several metric space struc- 
tures, including hyperbolic type metrics of D, at the same time. The basic metrics 
are the norm metric of E and the quasihyperbolic and distance ratio metrics of D. 

It is a natural question to study which properties of quasiconformal mappings in 
the Euclidean spaces have their counterparts for freely quasiconformal mappings of 
Banach spaces. The term "free" in this context was coined by Vaisala and it em- 
phasizes the dimensionfree character of the results in the case of infinite dimensional 
Banach spaces. Due to Vaisala's work, many results of this type are already known. 
In the same spirit, we will investigate a subinvariance problem. 

It is well known that uniform domains are subinvariant under quasiconformal 
mappings in W 1 . By this, we mean that if / : D — > D' is a fT-quasiconformal 
mapping between domains in IR n and the image domain D' is c-uniform, then D[ = 
f(Di) is c'-uniform, for every c-uniform subdomain D\ C D, where d = c'(c,K,n). 
This follows from the corresponding result for QED domains [6, Remark] and from 
[21, Theorem 5.6]. 
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Our work is motivated by these ideas which we will extend to the context of freely 
quasiconformal mappings in Banach spaces. In his study of the subinvariance of 
uniform domains in Banach spaces Vaisala proved the following invariance property 
under QH mappings (see Definition 5 in Section 2); see [26, Theorem 2.44]. 

Theorem A. Suppose that D C E and D' C E' , where E and E' are Banach spaces 
with dimension at least 2, that the domain D' and G C D are c-uniform, and that 
f : D ->■ D' is M-QH. Then f(G) is d -uniform with d = d(c, M). 

A natural problem is whether the corresponding result holds for freely quasicon- 
formal mappings (see Definition 4 in Section 2) in Banach spaces or not. In fact, 
the problem was raised by Vaisala in the following way; see [26, Subsection 2.43]. 

Open Problem 1. Suppose that D' C E 1 is a-uniform and that / : D — > D' is 
a ^-FQC mapping (i.e., a freely ^-quasiconformal mapping), where D C E. If D\ 
is a c-uniform subdomain in D, is it true that then D[ = f(Di) is c'-uniform with 

d = d(a, c, ■0)? 

Our main result is the following theorem, which shows that the answer to Open 
Problem 1 is in the affirmative. 

Theorem 1. Suppose that D' C E' is a-uniform and that f : D — > D' is a tp-FQC 
mapping, where D C E. For each subdomain D\ in D, if D\ is c-uniform, then 
f(Di) is still c'-uniform, where d = d(a,c,ip). 

We remark that the hypothesis U D' being uniform" in Theorem 1 is necessary. 
This can be seen by letting D = B and D' = B\[0, 1) in 1R 2 . 

The proof of Theorem 1 will be given in Section 3. In Section 2, some necessary 
preliminaries will be introduced. 

2. Preliminaries 

2.1. Notation. Throughout the paper, we always assume that E and E 1 denote 
real Banach spaces with dimension at least 2. The norm of a vector z in E is 
written as \z\, and for every pair of points zi, z 2 in E, the distance between them 
is denoted by \z 1 — z 2 \, the closed line segment with endpoints Z\ and z 2 by [z±, z 2 ]. 
Moreover, we use M(x,r) to denote the ball with center x G E and radius r (> 0), 
and its boundary and closure are denoted by S(x, r) and M(x, r), respectively. In 
particular, we use B to denote the unit ball B(0, 1). 

For the convenience of notation, given domains D C E , D' C E' and a mapping 
/ : D — ?> D' and points x, y, z, . . . in D, we always denote by x', y', z', . . . the images 
in D' of x, y, z, . . . under /, respectively. Also we assume that a, (3, 7, . . . denote 
curves in D and a', (3', 7', . . . the images in D' of a, (3, 7, . . . under /, respectively. 

2.2. Uniform domains. In their paper [17] Martio and Sarvas introduced uniform 
domains. Now there are many alternative characterizations for uniform domains, see 
[5, 8, 16, 24, 26, 27]. The importance of this class of domains in the function theory is 
well documented; see [5, 21] etc. Moreover, uniform domains in R n enjoy numerous 
geometric and function theoretic features in many areas of modern mathematical 
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analysis; see [1, 3, 8, 9, 11, 12, 15, 21]. We adopt the definition of uniform domains 
following closely the notation and terminology of [19, 21, 22, 23, 24] or [16]. 

Definition 1. A domain D in E is called c-uniform in the norm metric provided 
there exists a constant c with the property that each pair of points z±, z 2 in D can 
be joined by a rectifiable arc a in D satisfying 

(1) min £(a[zj, z]) < cdo(z) for all z G a, and 

(2) £{a) <c\ Zl -z 2 \, 

where £(a) denotes the length of a, a[zj,z] the part of a between Zj and z, and 
dd(z) the distance from z to the boundary 3D of D. At this time, a is said to be a 
double c-cone arc. 

2.3. Quasihyperbolic metric, quasihyperbolic geodesies, solid arcs and 
neargeodesics. Gehring and Palka [7] introduced the quasihyperbolic metric of 
a domain in W 1 . After that, this metric has become an important tool in geometric 
function theory and in its generalizations to metric spaces and to Banach spaces, 
see [2, 3, 4, 7, 8, 10, 14, 23, 24, 27, 30] etc. Yet, some basic questions of the quasi- 
hyperbolic geometry in Banach spaces are open. For instance, only recently the 
convexity of quasihyperbolic balls has been studied in [13, 18, 28] in the setup of 
Banach spaces. 

For each pair of points z±, z 2 in D, the distance ratio metric jo( z i, z 2 ) between z\ 
and z 2 is defined by 

3d{z 1 ,z 2 ) = log (l + . r] Z ) r^y - ( ., ). 

The quasihyperbolic length of a rectifiable arc or a path a in the norm metric in 
D is the number (cf. [7, 28]): 

For each pair of points zi, z 2 in D, the quasihyperbolic distance k D {zi, z 2 ) between 
Z\ and z 2 is defined in the usual way: 

k D (zi,z 2 ) = mi£ kD (a), 

where the infimum is taken over all rectifiable arcs a joining z\ to z 2 in D. For all 
Zi, z 2 in D, we have (cf. [28]) 

(2.1) k D (z u z 2 ) > inf(log(l+ . j-, f ( " } , , u )| 

I V mm.{d D {z x ) 1 d D {z 2 )\) ) 



> Jd(z u z 2 ) > 



, d D (z 2 ) 
log 



d D (zi) 

where the infimum is taken over all rectifiable curves a in D connecting z\ and z 2 . 
In [24], Vaisala characterized uniform domains by the quasihyperbolic metric. 

Theorem B. ([24, Theorem 6.16]) For a domain D ^ E, the following are quanti- 
tatively equivalent: 
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(1) D is a c-uniform domain; 

(2) k D (z!, z 2 ) < d j D (zi, z 2 ) for all z 1 ,z 2 e D; 

(3) k D (z 1 , z 2 ) < c[ j D (zi, z 2 ) + d for all z 1 , z 2 e D. 

where c and d depend on each other, and c and d 1 depend on each other. 

In the case of domains in W 1 , the equivalence of items (1) and (3) in Theorem D 
is due to Gehring and Osgood [8] and the equivalence of items (2) and (3) due to 
Vuorinen [29, 2.50 (2)]. 

Recall that an arc a from z\ to z 2 is a quasihyperbolic geodesic if £k D (ct) = 
kn{zi,z 2 ). Each subarc of a quasihyperbolic geodesic is obviously a quasihyper- 
bolic geodesic. It is known that a quasihyperbolic geodesic between every pair of 
points in E exists if the dimension of E is finite, see [8, Lemma 1]. This is not 
true in arbitrary spaces (cf. [23, Example 2.9]). In order to remedy this shortage, 
Vaisala introduced the following concepts [24] . 

Definition 2. Let a be an arc in E. The arc may be closed, open or half open. Let 
x = (xq, ...,x n ), n > 1, be a finite sequence of successive points of a. For h > 0, 
we say that x is h-coarse if kr>(xj-i,Xj) > h for all 1 < j < n. Let $fc(a;, h) be the 
family of all /i-coarse sequences of a. Set 



4 D (a, h) = sup{s k (x) : x E h)} 

with the agreement that £k D (a, h) = if $fc(o;, h) = 0. Then the number £k D (a, h) 
is the h-coarse quasihyperbolic length of a. 

Definition 3. Let D be a domain in E. An arc a C D is (z/, h) -solid with v > 1 
and h > if 



for all x,y G a. A (u,0) -solid arc is said to be a u-neargeodesic, i.e. an arc a C D 
is a z/-neargeodesic if and only if £k D (a[x, y}) < v ko{x,y) for all x,y G a. 

Obviously, a z/-neargeodesic is a quasihyperbolic geodesic if and only if v — 1. 
In [24], Vaisala got the following property concerning the existence of near- 
geodesics in E. 

Theorem C. ([24, Theorem 3.3]) Let {zi, z 2 } C D and v > 1. T/ien i/iere zs a 
u-neargeodesic in D joining z\ and z 2 . 

Theorem D. ([24, Theorem 6.22]) Suppose that 7 C D ^ E is a (iy,h)-solid arc 
with endpoints z\, z 2 , and that D is a c-uniform domain. Then there is a constant 
Hi = / i i( z/ ) h, c) > 1 such that 

(1) min{diam(7[,2i, z]), diam(7[z 2 , z})} < /iidaiz) for all z G 7, and 

(2) diam(7) < fi 1 max{\z 1 - z 2 \,2(e h - 1) mm{d G (zi), d G (z 2 )}} . 




and 



£ kD (a[x,y],h) < v k D (x,y) 
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2.4. FQC, QH and CQH mappings. 

Definition 4. Let G ^ E and G' ^ E' be metric spaces, and let ip : [0, oo) — > [0, oo) 
be a growth function, that is, a homeomorphism with ip(t) > t. We say that a 
homeomorphism / : G — > G' is ip- semis olid if 

k G if(x)J(y))<tp(k G (x,y)) 

for all x, y G G, and p-solid if both / and f^ 1 satisfy this condition. 

We say that / is fully p-semisolid (resp. fully p-solid) if / is ^-semisolid (resp. 
(/9-solid) on every subdomain of G. In particular, when G = E, the corresponding 
subdomains are taken to be proper ones. Fully </>solid mappings are also called 
freely ip-quasiconformal mappings, or briefly p-FQC mappings. 

If E = R n = E', then / is FQC if and only if / is quasiconformal (cf. [23]). 
See [20, 30] for definitions and properties of if-quasiconformal mappings, or briefly 
K-QC mappings. 

Definition 5. We say that a homeomorphism / : D — >■ D' , where D C E and D' C 
E', is C-coarsely M-quasihyperbolic, or briefly (M, C)-CQH, in the quasihyperbolic 
metric if it satisfies 

kD{x ^~ C < k D ,(f(x), f(y)) < M k D (x, y) + C 

for all x, y G D. An (M, 0)-CQH mapping is M-bilipschitz in the quasihyperbolic 
metric, or briefly M-QH. 

The following result easily follows from the definitions. 

Proposition 1. Every (p-FQC mapping is an (M,C)-CQH mapping, where M and 
C depend only on p. 



Theorem E. ([24, Theorem 4.15]) For domains D ^ E and D' ^ E' , suppose that 
f : D — ?> D' is (M,C)-CQH. If 7 is a (u, h) -solid arc in D, then the image arc 7' is 
(z/, hi) -solid in D' with (1/', hi) depending only on (M, C, u, h). 



2.5. Quasisymmetric mappings. Let X be a metric space and X = X Li {00}. 
By a triple in X we mean an ordered sequence T = (x, a, b) of three distinct points 
in X. The ratio of T is the number 



P(T) 



x\ 



\b — x\ 

If / : X — > Y is an injective map, the image of a triple T = (x, a, b) is the triple 
fT=(fx,fa,fb). 

Suppose that A C X. A triple T = (x, a, b) in X is said to be a triple in the pair 
(X, A) if x G A or if {a, 6} C A. Equivalently, both \a — x\ and |6 — x\ are distances 
from a point in A. 
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Definition 6. Let X and Y be two metric spaces, and let r\ : [0, oo) — > [0, oo) 
be a homeomorphism. Suppose A C X. An embedding / : X — > Y is said to 
be rj-quasisymmetric relative to A, or briefly r]-QS rel A, if p(T) < t implies that 
p(f (T)) < T](t) for each triple T in (X, A) and t > 0. 

Thus "quasisymmetry rel X" is equivalent to ordinary "quasisymmetry" . 

Definition 7. Let < q < 1, let 77 be as in Def. 6 and let G, G" be metric spaces in 
E and i?', respectively. A homeomorphism / : G — > G' is q-locally rj-quasisymmetric 
if /|B(o,gr) is ?7-QS whenever B(a,r) CG. If G ^ E, this means that /|B( a , 9 d G (o)) is 
77-QS. When G = E, obviously, / is 77-QS. 

It is known that each K-QC (i.e., X-quasiconformal) mapping in IR n is g-locally 
77-QS for every q < 1 with 77 = r)(K,q,n), i.e. 77 depends only on the constants X, 
g and n (cf. [2, 5.23]). Conversely, each g-locally 77-QS mapping in IR n is a X-QC 
mapping with K = (r/(l)) n_1 by the metric definition of quasiconformality (cf. [23, 
5.6]). Further, in [23], Vaisala proved 

Theorem F. ([23, Theorem 5.10]) Suppose that D and D' are domains in E and 
E' , respectively. For a homeomorphism f : D —t D' , the following conditions are 
quantitatively equivalent: 

(1) / is i^-FQC; 

(2) both f and f" 1 are q-locally rj-QS; 

(3) For every < q < 1, there is some r)(q) such that both f and f^ 1 are q-locally 
V (q)-QS. 

Theorem G. ([23, Theorem 5.13]) Suppose that f : E ->■ D' C E' is fully y> 
semisolid. Then the following conditions are quantitatively equivalent: 

(1) D> = E>; 

(2) / is rj-QS with rj = r)(ip); 

(3) / is ip-FQC with = il>((p). 

3. The proof of Theorem 1 
Before the proof of Theorem 1 we need some preparation. 

Basic assumption In the following, we always assume that / : D — > D' is ip- 
FQC and that D' is an a-uniform domain. By Proposition 1, we assume further 
that both / and f~ l are (M, C)-CQH homeomorphisms, where M and C depend 
only on ip. We see from Theorem G that D = E if and only if D' = E' . Hence, to 
prove Theorem 1, it suffices to consider the case D ^ E and D' ^ E'. Since D' is 
a-uniform, Theorem B implies that there is a constant a' such that 

(3-1) k D ^'X')<a' j D ^'X') 

for every pair of points (' G D', where a' < 7a 3 (cf. [26, Theorem 2.23]). Theorem 
F shows that both / and f~ x are |-locally 77-QS with 77 depending on ip. Let D x C D 
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be a c-uniform domain. Then it follows from Theorem B that there is a constant d 
such that 

(3.2) k Dl (u, v) < d j Dl (u, v) 

for every pair of points u, v E D, where d < 7c 3 (cf. [26, Theorem 2.23]). For 
a subdomain D\ in D, since D' is a-uniform, without loss of generality, we may 
assume that D\ is a proper subdomain of D. For a pair of points x' , y' G D[, let 
7' be a 2-neargeodesic in D[ joining x' and y'. It follows from Theorem E that 7 
is (1/, /ii)-solid, where (u',hi) depends only on (M, C). Moreover, we may assume 
that d,D'{y') > d,D'(x'). 

We infer from Theorem D that there exists some constant /ii = /ii(c, u', hi) such 
that 

(3.3) min{diam(7[x, z\), diam(7[?/, z])} < fiid Dl (z) 
for all z G 7, and 

(3.4) diam(7) < //1 max {|x - y|, 2(e hl - 1) min{d Dl (x),d Dl (y)}}, 
where the constants c, v' and /ii are the same as in Basic assumption. 

Let zo G 7 be such that 

dDi(^o) = sup d Dl (p). 
It is possible that z = x or y. Then 
Lemma 1. (1) For all z G 7[a;,2; ] 7 

\x- z\< pi d Dl (z), 

and for each z G 7(1/, z ], 

\y- z\< pi d Dl (z); 

(2) diam(7) < p x max { \x - y\, 2(e hl - 1) min{d Dl (x), d Dl (y)}}, 
where pi = Ap\ and pi is the same as in (3.3). 

Proof. By (3.3) and (3.4), to prove Lemma 1, it suffices to show the first assertion 
in (1), i.e. for each z G 7[x,z ], 

(3.5) \x — z\ < pi do^z). 
For z G 7[x, Zo], we divide the proof into two cases: 

min{diam(7[x, z]), diam(7[y, z])} = diam(7[x, z]) 

and 

(3.6) min{diam(7[a;, z]), diam(7[y, z})} = diam(7[y, z\). 
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For the former case, it follows from (3.3) that (3.5) is obvious. For the latter case, 
we first have the following claim. 

Claim 3.1. diam(7[x, z]) < 2//ic?Di(zo)- 
Suppose on the contrary that 



Obviously, there must exist some point w 6 7(1, z] such that 

diam(7[z, w]) = -diam(7[x, z]) and diam(7[x, it;]) > -diam(7[x, z\). 
It follows from (3.3) and (3.7) that 

Pido^w) > min{diam(7[x, w]), diam(7[y, it;])} > - diam(7[x, z\) > p-ido^o). 

This obvious contradiction completes the proof of Claim 3.1. 
If diam(7[y, z]) < ^d,D 1 (z ), then by Claim 3.1, 

(3.8) \x — z\ < diam(7[x, z\) < 2^ d Dl (z ) < Afi 1 dD 1 (z), 

since d Dl (z) > d Dl (z ) - \z - z\ > \d Dl (z Q ). 

If diam(7[y, z]) > ^d^Zo), then we see from Claim 3.1, (3.3) and (3.6) that 

(3.9) \x — z\ < diam(7[x, z\) < 2fii dn^zo) < 4/iidiam(7[y, z\) < A^do^z), 

which shows that (3.5) is true. 

The inequalities (3.8) and (3.9) show that (3.5) also holds with the assumption 
of (3.6). Hence the proof of Lemma 1 is finished. □ 

The following result easily follows from an argument similar to the one in the 
proof of Lemma 1 . 

Corollary 1. (1) For each X\ G j[x, z ] and for all z G 7[xi,z ], 



where p\ is the same as in Lemma 1. 

For the convenience of the statements and proofs of the lemmas below, we write 
down the related constants: 



(3.7) 



diam(7[x, z]) > 2fiidrj 1 (zo). 



\xi -z\<pi d Dl (z); 
(2) For each y\ G ^[y, zo] and for all z G j[yi, zo], 

1 2/1 - z\ < Pi d Dl (z), 




1 |48a'c'CMp lJ? (p 1 )V(l) 



(4) 63 = 2e 5a ' c ' CMb \ 
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where a', c', C, M, t] and ip are the same as in Basic assumption, p\ is the constant 
in Lemma 1 and fix = 5ab ^^ _ Obviously, b k > 1 for each k G {1, 2, 3, 4}. 



In what follows, we prove that 7' is a 64-double cone arc in D\. (Recall that 7' is 
a 2-neargeodesic in D[ joining x' and y' as constructed in Basic assumption.) More 
precisely, we will prove that 7' satisfies the following conditions: 

(3.10) mm{l{i[x',z']),l{i[y',z'])} < 36* d D[ (z') forall z' G i[x',y'\ 
and 

(3.11) ^(V) < 6 4 |^ 

3.1. The proof of (3.10). If for each z' G -f'[x',z' }, 

and for each z' G 7'[y', 2q], 

then (3.10) is obvious. Hence the remaining case we need to consider is that there 
is some p' G 7 ; [x', Zq] such that £(7'[x',p']) > 63 dp (p') or there is some g' G 7'[y', 2q] 
such that ^(7 / [y / ,? J ) > 63^^(9'). Obviously, we only need to consider the former 
case, that is, there is some p' G 7' [a/, Zq] such that 

(3.12) £( 7 / [x',p'])>6^ Di (p / ), 

since the argument for the latter one is similar. 

We use w' Q to denote the first point in 7' [x f , z' Q ] in the direction from x' to z' such 
that 

(3.13) £( 1 '[x',w' ])=b 3 d D[ (w' ). 
Inequality (3.12) guarantees the existence of such a point w' . 
Lemma 2. For every z G 7[ty ,^o]; we have d D (z) < b 2 d Dl (z). 

Proof. We prove this lemma by contradiction. Suppose that there exists some 
point wi G j[wo, Zo] such that 

(3.14) d D {w 1 )>b 2 d Dl {w 1 ). 
Then it follows from Corollary 1 that for all w G ^[x, Wi], 

(3.15) \w - wi\ < pid Dl (wi) < ^ L d D (w 1 ), 



b 



2 



which yields 



... I \ dz \ ^ Pi 



[ w , Wl ] d D (z) b 2 — P\ 
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and so _ 

k D ,(w',w[) < i){k D {w,Wi)) < ^(7—^ — ) - o' 

VO2 — pi / o 

since / is ip-FQC. Hence 

(3.16) \w'-w[\ < ^d D ,(w[). 

Otherwise, ki)/(w', w[) > j d 1 (w' , w[) > |. 

We know from the obvious inequality dD>(w f ) > do'iw^) — \w' Q — w[\ that 

6 

d D '(u)' ) > -dr»'(iui). 
Then for all w' G •y[x',w[}, we have 

2 1 

(3.17) \w' - iuqI < \w' — w[\ + m - w' \ < -dD'(w[) < -d D >(w' Q ). 

( O 

Let w' 2 G S(wq, g?^ (wq)) H -D'i, and let W3 G 7'[x',Wo] be such that ^(7'[x', w' 3 ]) = 
^('j'lx', w' Q ]). It follows from the assumption "7' being 2-neargeodesic" , (2.1) and 
(3.13) that 

(3.18) kD^w'^w'z) > ^k D/i (l'[w' 3 ,w' }) 

> i. og Vi + 



2 V min{ota/ (w' 3 ), d^ (w' )} 

>- 



Suppose that d D; (w(,) > ||^ — Then fc Di (ty^,^) < Jj^/j < 2, which 

contradicts (3.18). Hence we have proved that 

(3.19) d D[ (w' ) < Z -H-w' 3 \. 
We infer from (3.17) and (3.19) that 

3 1 

(3.20) \w 2 - w' \ < - \w' - w' 3 \ < -d D ,(w' ). 

Thus (3.17) and (3.20) imply that w 2 , w 3 G B(w' Q , ld D ,(w' )). We see from Corollary 
1, the choice of w' 2 and the assumption being |-locally ?7-QS" that 

1 

— < 
Pi 

Then the choice of w' and w' 3 yields that 

1 2 

(3.21) K~m < _ u 1 A w'q - w' 2 \ < — d D/ (w' 3 ). 



\w 


- w 2 \ 


\w 


- w 3 \ 





- W> 2\ 


K 


- m 
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Figure 1. n = d D ' i (w' ),r 2 = \d D ,(w' ) 
Moreover, we infer from (3.2) and (3.18) that 



j Dl (w , w 3 ) > ^jk Dl (w Q , w 3 ) > (k^ (w' Q , w 3 ) - C) 



> log(l + e a ' b2C ). 



Hence 



(3.22) \w -w 3 \ > e a ' b2C mm{d Dl {w 3 ),d Dl {w )} > b 2 d Dl {w 3 ), 

since by Corollary 1, d Dl (w 3 ) < d Dl (w ) + \w - w 3 \ < (1 + pi)d Dl (w ). 




Figure 2. r 3 = d Dl (u> 3 ),r 4 = \d D {w 1 ) 
Let Wi E E>(w 3 , dD 1 (w 3 )) fl D±. Then we obtain from (3.14) and (3.15) that 

(3.23) 1^4 — wi\ < \w4 — w 3 \ + \w 3 — wi\ < 2\w 3 — wi\ + do^wi) 

. 1 + 2pi , ( v 

< 7 «D(Wl), 

»2 
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since |u>4 — w 3 \ = d^^ws) < do^wi) + \ws — wi\. Hence (3.15) and (3.23) show that 
^0,^3,^4 G B(wi, \d D (wi)). It follows from (3.21) and (3.22) that 



i_ ( ^ } < K-m < / k 4 -w 3 K < / u < ^ (^) 

2 |wq — Wg| v|u/ — V6 2 / 2 

since / is |-locally 77-QS. This obvious contradiction completes the proof of Lemma 
2. □ 



If i^'ly', z'\) < b 3 dr)i (z') for all z' G 7'[y', 2q], then we let y(, = Zq. Otherwise, we 
let y' be the first point in 7'[y', Zq] in the direction from y' to £q such that 

(3.24) i(i / [y / ,y / o}) = hd D[ (yo)- 

A reasoning similar to the one in the proof of Lemma 2 shows that 
Lemma 3. For all z G 7[yo,^o]> we have do(z) < b 2 do 1 (z). 
Let u' G YK,yo] satisfy 

d r>i( u o) = SU P d D ' l (z r ). 

2'67'K-l/ol 

Obviously, there exists a nonnegative integer mi such that 



2 mi tfeiK) < ^«) < 2 mi+1 rf Di K). 
Let be the first point in 7 / [wd,Mo] from w' to m' with 



d D[ (v' ) = 2^d D[ (w' ), 

and let = w' . If v' = u[, we let u 2 = u' . It is possible that u[ = u 2 . If 
v' 7^ -u^, then we let u' 2 , . . . , u' m +1 G /^'[iUq,^] be the points such that for each 
i G {2, . . . , mi + 1}, u'i denotes the first point from w' Q to u' with 

d D[ (u' t ) = T' 1 d D[ (u' 1 ). 

Obviously, u' +1 — v' . If v f ^ u' , we use u' mi+2 to denote u' . Then we have the 
following assertion. 

Lemma 4. For all i G {1, • • • , mi + 1} and 2/ G 7'^, u'i+i], we have 

l(iKu' l+1 ])<b 3 d D ,(z'). 
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Proof. Lemma 2, Lemma 3, (3.1), (3.2) and the assumption " both / and f^ 1 
being (M, C)-CQH" imply that 

K l\ < h D Sl'[u' l ,u' t+1 ])<2k D[ (u' t ,u' t+1 )<2Mk Dl (u l ,u l+1 ) + 2C 

< 2cMj Dl ( Ui ,u i+1 ) + 2C 

< 2c'Mlog(l+ . .^'-"i n )+2C 

V mm{d D (Ui),d D (u i+ i)\J 

< 2b 2 c'Mk D ( Ul ,u i+1 ) + 2C 

< 2b 2 c'M 2 k D/ (u' i ,u' i+l ) + 2b 2 c'CM + 2C 

< 2a'b 2 c'M 2 log ( 1 + l ^,~^+ 1 h + 2b 2 c'CM + 2C 

\ d^iu'i) ) 

< 2a'b 2 c'M 2 log ( 1 + ^'Y^+^ \ + 2 & 2C 'CM + 2C, 

V / 

and hence we easily deduce the following conclusion: 
(3.25) %K<nl) < (Sa%c'M 2 ) 2 d D[ (u^, 

and we alsosee that for all z' £ 7'^, u' i+1 ], 

lo S^V ^ fcDiK,^)<4 ,(7'K^1)<2^K,^ +1 ) 



< 2c'Mlog(l + . ^- U ;i J +2C 



< 2Mfe 1 (tt j ,M j+1 ) + 2C 

< 2c'M j Dl (u i ,u i+1 ) + 2C 

b 2 \uj - ttj+i 

min{(i D (Mi),(i D (Mi + i)}, 

< 2b 2 c'Mk D ( Ui ,u l+1 ) + 2C 

< 2b 2 c'M 2 k D ,(u' i , u i+l ) + 2b 2 cCM + 2C 

< 2a V'M 2 log ( 1 + l ^~ / ^+ 1 h + 26 2 c / CM + 2C 



^«) 

< 2aV'M 2 log f 1 + ^(VK, -»-+i]) \ + 2h2( j CM + 2C 

< 2a'b 2 cM 2 log (l + (SaV'M 2 ) 2 ) + 2b 2 c'CM + 2C. 



It follows that 



(3.26) djyju'i) < (4a'b 2 c'M 2 ) 6a ' b * c ' CM2 d D ,(z'). 

Hence the proof of Lemma 4 is complete by the combination of (3.25) and (3.26). □ 
Now we are ready to finish the proof of (3.10). 
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For all z' G j'[x',u' Q ], if z' G 7'[x', w' Q ], then (3.10) easily follows from the choice of 
w' . For the case z' G 7'[wg, «' ], we know that there exists some k G {1, • • • , mi + 1} 
such that z' G 7'[w' fe , u' fc+1 ]. If = 1, then by (3.13), (3.26) and Lemma 4, we know 

WW, A) = t(iV,w' }) + t(i>o,A) 

< b 3 (b 3 + l)d D[ (z'). 
If k > 1, again, we obtain from (3.13), (3.26) and Lemma 4 that 

t{i[x\z>\) = %'[x>;])+f( 7 'K,,']) 

< %»oD + %ViX 2 D + • • • + ^(t'KX+iD 

< 6 3 (2d Di K) + (u' 2 ) + • • • + rf D; «)) 

< 36 3 2 rfD' a (^')- 

Hence we have proved that for all 2' G 7 / [:r / ,w / ], 

£(l'[x',z'])<3b 2 3 d D ,(z'). 

Similar arguments as above show that for all z 1 G 7'[y', u' ], 

e(i[y',z>])<3bld D ,(z'). 

Hence the proof of (3.10) is finished. 

A reasoning similar to the one in the proof of (3.10) shows that 

Corollary 2. For every x[ G ^'[x' ,y'] and all y[ G ^'[x'^y'}, we have that for each 
z' G 7Vi>2/iL 

min{%'[a;' 1 ,z / ]),£(7 / ^,^)} < 35* d D{ (z'). 
3.2. The proof of (3.11). Suppose on the contrary that 
(3.27) £( 1 y,y'})>b 4 \x'-y'\. 
Then we have 

Lemma 5. \x' — y'\ > f max{rf^ (#'), d D > x (y')}- 

Proof. We show this lemma by contradiction. Suppose 

3 

W -y'\ < -max{d Dli (x'),d D/i (y')}. 
Without loss of generality, we assume that 

max{d^(a;'),^(?/')} = do^x'). 

Then 

d D{ (y') > \d D ,(x'), 

and so 
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(3.28) log ( 1 + £( ]]^) D ) " ^ D ,W,y'])<U D[ {x\y>) 



2 \dw'\ < 8\x>-y> 



[ x ',y']d D [(w') d D[ (x') 
< 6, 

since d^w') > dp^x') — \x' — w'\ > ^dn^x') for all w' G [x',y'\. Thus (3.28) implies 
Kl'W,y']) / , ^(7'[x',l/'])^ < 8\x'-y'\ 



e^y') " & V d D[ (y>) J ~ d D[ (x>) ■ 
It follows that 

e(i[x',y'])<8e e \x'-y'\, 
which contradicts (3.27). This contradiction shows that Lemma 5 holds. □ 

By (3.27), we see that there exist v' 1: v' 2 £ 7' [a/, y'\ be such that 

(3.29) i(l'[x',v[]) = I2bl\x' - y'\ and t{i[y' ,v' 2 \) = I2b\\x' - y'\. 
Then we have 

Lemma 6. \x' — v[\ > \d D '(v[). 

Proof. Suppose on the contrary that 

\x' -v[\ < ^dr»iK)- 
Then by (3.10) and (3.29), we get 

d D{ (x') > d D ,(v[) - \x' - v[\ > id^K) > i^( 7 y,^]) =2 \J- y'\, 
which contradicts Lemma 5. Hence the proof of Lemma 6 is complete. □ 

Similarly, we have 
Corollary 3. \y' — v' 2 \ > ^do'^v^)- 

It follows from (3.10), (3.29) and Lemma 6 that 

(3.30) mm{d D/i {v[),d D[ {v' 2 )} < d D[ (v[) <2\x' - v[\ < 24b 2 3 \x' - y'\ 
and 

(3.31) \x'-v[\ > \d Dli (v[) > -^£( 1 '[ x ', v [})=2\x'-y'\, 
whence (3.2), (3.27), (3.29) and (3.30) show that 
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1 c 

c j Dl (v 1 ,v 2 ) > k Dl (v u V2) > — ^K,^) - 

- 2M D i 1 1 2J; M 

£(i[v[,v> 2 }) x C 



* 2^ l0g ( 1 + 



min{rf Di K),rf Di (^)}; M 
1 , / 6 4 -246l\ C 



, 3 , M 



> 3M 



from which we get 



(3.32) \v 1 -v 2 \ > ^""niiii^^i),^^)}. 

Without loss of generality, we may assume that 

min{d Dl (vi),d Dl (v 2 )} = ^K)- 

Then we get 

Lemma 7. For all z' G t'K,^]; ^ ^ fl,ue ^d'(z') < b\d D ^(z'). 

Proof. Suppose on the contrary that there exists some point v' 3 G l'[v'i,v' 2 } such 
that 

(3.33) d D ,(v' 3 )>b 3 3 d D[ (v' 3 ). 
We divide our discussions into two cases: 

and 

min{£( 7 V^3D,%%>3])} = %»3D- 
We only need to consider the former case since the discussion for the latter one is 
similar. 

Obviously Corollary 2, (3.10), (3.29) and (3.33) imply that for all w' G i[x',v' 3 ], 

(3.34) Z{iWA\) < Zb 2 3 d D[ (v' 3 ) < *-d D ,(v' 3 ), 
and for all v' G 'j'ly', v' 2 ], 

(3.35) \v' 3 -v'\ < \y'- v '\ + \ y '- x '\ + \ x '- v ' 3 \<^ + 2y( 1 '[x',v' 3 }) 



3 

< — 

- b 3 



(4 + 2)^(4). 
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We know from (3.34) and (3.35) that x',v[,v 2 G E(v' 3 , \d D ,{v' z )). 
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Figure 3. r 5 = \d D :(v 3 ) . 
Suppose z G 7[x,t>i]. Then Corollary 1 implies that 

\v 2 - Ui| < p^D^Vi), 

which contradicts (3.32). Hence we have proved v\ G 7[x,zo], and then Lemma 1, 
(3.31) and (3.32) show that 

(3.36) I(^)^<^<,(K^) < , (1 36 I ), 

Pi V63/ \vi — x\ \ — x'l y 

since \v[ - v' 2 \ < \x' - v[\ + \y' - v' 2 \ + \x' - y'\ < (246§ + l)\x' - y'\. This is a 
contradiction, which completes the proof of Lemma 7. □ 

Lemma 8. For all z G 7[t>i,t>2], we nave do^) < 2rc?£) 1 (z) 7 nere and m t/ie follow- 
ing, T = _ L ) 1 . 

6 3 

Proof. Suppose on the contrary that there is some £ G 7[fi,t>2] such that 

(3.37) d D (()>2Td Dl ((). 

In order to get a contradiction, we let z[ G /(§(C, |^£»(C))) n ®(C; ^D'(C')) an d 
22 G S(C,d Dl (C))ni5L We infer from (3.37) and Lemma 7 that zi, z 2 G B(C, f<MC))» 

I4-C1>^0>^MC'), 
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Hence 




This obvious contradiction completes the proof of Lemma 8. 



Now we are ready to finish the proof of (3.11). 
It follows from (3.10) and (3.29) that 

K-^| < \x'-v[\ + \x'-y'\ + \v' 2 -y>\ < (2 + ^mm{e(i 3 (x\v[))J(i 3 (y',v' 2 ))} 

1 + 246? . , , .. , , .. . 
< -: mmjdD/^J^D/^J}, 



and then (3.1), (3.2), (3.10), (3.27), (3.29), (3.30) and Lemma 8 imply that 
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< 2c'Mlog(l+ . t 2 J^- V ;\ )+2C 



log (i + ^) < log (i + . |fe|L ) < v (VK.-41) 

< 2fc Di (ui,U2) < 2Mfc i3l (ui,U2) + 2C 

< 2c'Mj Z)l (t; 1 ,t; 2 ) + 2C 

2r|f i — f 2 | 

min{dij(ui),d D (?;2)}. 

< 4c / rMA; D (t; 1 ,t;2) + 2C 

< ^crM 2 k DI {v\,v 2 ) + 4c'tCM + 2C 

< 4a'c'M 2 T j D ,(v[, v' 2 ) + Ac'CMt + 2C 

< 4a'c'M 2 T j D{ (v[, v' 2 ) + 4c'CMt + 2C 

. . w2 , 5 + 246? 

< 8a'c'M 2 r log 

The desired contradiction shows that (3.11) is true. 

3.3. The proof of Theorem 1. The inequalities (3.10), (3.11) and the arbitrari- 
ness of the point pair x' and y' in D[ show that D[ is c'-uniform, which implies that 
Theorem 1 is true. □ 
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